Abstract. We introduce an approach to the concept of bornology in the framework of many-valued mathematical structures and develop the basics of the theory of many-valued bornological spaces and initiate the study of the category of many-valued bornological spaces and appropriately defined bounded "mappings" of such spaces. A scheme for constructing many-valued bornologies with prescribed properties is worked out. In particular, this scheme allows to extend an ordinary bornology of a metric space to a many-valued bornology on it.
1. Introduction and motivation
Bornologies and bornological spaces.
In order to apply the conception of boundedness to the case of a general topological space, Hu S.T. introduced the notions of a bornology and a bornological space [21] . A bornology on a set X is a family B ⊆ 2 X such that (1B) ∪ {U | U ∈ B} = X; (2B) if U ⊆ V and V ∈ B then U ∈ B; (3B) if U, V ∈ B then U ∪ V ∈ B.
The pair (X, B) is called a bornological space and the sets belonging to B are viewed as bounded in this space. Given bornological spaces (X, In the original definition of bornology instead of axiom (1B) the following axiom (1 ′ B) ∀x ∈ X ⇒ {x} ∈ B was used. It is easy to see that under assumption of axiom (2B) axiom (1B) is equivalent to axiom (1 ′ B). We use the axiom (1B) instead of (1 ′ B) as more appropriate for the principal merits of this work.
Important examples of bornological spaces (X, B) are:
• a metric space and the family of its bounded subsets;
• a topological space and and the family of its relatively compact subsets;
• a uniform space and and the family of its totally bounded subsets. At present the theory of bornological spaces is developed in various directions. Most of the research involving bornologies is done in the context of topological linear spaces, see e.g. [36] , [14] , and in topological algebras, that is in cases when the underlying set, besides topology, is endowed with a certain algebraic structure. However, a notable research work, especially in recent time, is being done in the field of bornologies without referring to the algebraic structure of the underlying set. Specifically, much interest is in the research of bornological universes that is triples (X, T , B), where T is a topology and B is a bornology on a set X. General bornological spaces play a key role in recent research of convergence structures on hyperspaces [2] , [3] , [26] , in optimization theory [5] and in the study of topologies on function spaces [4] , [29] .
The principal aim of this work is to make a contribution to the creation of bornological theories in the context of many-valued mathematical structures, or, as this area of mathematics is often referred to, in the field of "Fuzzy Mathematics". At present there are only few works dealing with this problem, see [1] , [42] , [30] . It is quite different from the situation in "Fuzzy Topology", which is a very well developed area of theoretical mathematics with many fundamental concepts, constructions and results, and which has important applications to other fields of mathematics, see e.g. [27] , [19] .
Bornologies on L-powersets.
In [1] a bornological structure on the family L X of L-fuzzy subsets of a set X was defined. In the sequel referring to such structures we call them Lbornologies. Namely, given a frame, that is a completely distributive lattice, and a set X, an L-bornology on the set X is a subset B of the family L X of L-fuzzy subsets of X such that The pair (X, B) is called an L-bornological space. Such approach to the problem of "fuzzification" of bornology is the bornological analogue of Chang-Goguen's definition of a fuzzy topology [7] , [13] .
In [1] also a stronger version of the axiom (1LB), namely (1 ′ LB) ∀x ∈ X ⇒ χ {x} ∈ B, where χ {x} is the characteristic function of the one-element set {x}, was considered. The corresponding structure B will be called a strong Lbornology. In case when 1 L is an isolated element of the lattice L the concepts of L-bornology and strong L-bornology are equivalent.
M -valued bornologies on power-sets.
An alternative approach to the problem of fuzzification of the concept of bornology was presented in [41] , and further developed in [43] and [42] . In the sequel we will refer to this approach as an M -valued bornology on a set X. Namely, an M -valued bornology on a set X where M is a complete lattice, is defined as a mapping B : 2 X → M such that (1MB) ∀x ∈ X ⇒ B({x}) = 1 M where 1 M is the top element of M ;
(2MB) if A ⊆ B then B(A) ≥ B(B); (3MB) for every A, B ⊆ X it holds B(A ∪ B) ≥ B(A) ∧ B(B).
The pair (X, B) is called an M -valued bornological space. Such approach to the problem of "fuzzification" of bornology is the bornological analogue of Höhle-Ying's approach to a fuzzy topology [15] , [45] .
In this paper we consider the concept of an M -valued bornology on the L-powerset of a set X defined as a mapping B : L X → M satisfying conditions analogous to the properties (1MB) -(3MB). Thus this approach, on one hand is the "roof" for the approaches presented in subsections 1.2 and 1.3, and on the other hand is the bornological analogue of the approach to fuzzification of topologies presented in [25] , [37] , [38] . However, having an intention to develop our approach in the sufficiently general framework, we will assume that, instead of an ordinary set X, we deal with a many-valued set, that is a set endowed with some many-valued equality. As an additional incentive to develop our approach in the general framework of many-valued sets instead of ordinary sets, we consider the role of many-valued sets in the theory of fuzzy topologies: just in this framework many interesting results and examples are obtained, in particular applications related to other fields of theoretical mathematics, see e.g. [19] .
The paper has the following structure. After recalling in Section 2 basic concepts needed throughout the paper, we introduce the concept of an Mvalued bornology on the L-powerset of an L-valued set, which will be referred to as an LM -valued bornology for short, and discuss some properties of LMvalued bornologies in Section 3. Our next aim is to develop, what can be called, the categorical basics of the theory of LM -valued bornological spaces. This problem is being considered in Section 5. However, before turning to this problem first we have to outline the class of potential morphisms for this category. LM -valued bornologies are defined on the basis of L-valued sets and just fuzzy functions are used as "natural" morphisms between L-valued sets. Therefore, before introducing the category of LM -bornological spaces and bounded fuzzy functions in Section 5, we present a brief introduction in the theory of fuzzy functions in Section 4. In Section 7 we consider a general scheme for construction of LM -valued bornologies on metric spaces. In the last, Conclusion Section 8, we discuss some directions for the further research of LM -valued bornologies.
Prerequisites: The context of the work

Lattices and quantales.
In this work two objects, L and M, will play the fundamental role.
By
we will denote an integral commutative quantale. Following e.g. [19] , see also [35] , by an integral commutative quantale
is a complete lattice that is a lattice in which arbitrary suprema (joins) and infima (meets) exist, in particular, the top 1 L and the bottom 0 L elements in L exist, and the binary operation
It is known and easy to prove that
In an integral commutative quantale a further binary operation →, residuation, is defined:
Residuation is connected with operation * by Galois connection, see [11] :
1 Integral commutative quantales are known also as integral commutative complete lattice monoids, see e.g. [16] In the sequel L will always denote an arbitrary integral commutative quantale whose underlying lattice is a frame that is
By M we denote a complete completely distributive lattice M = (M, ≤ M , ∧ M , ∨ M ) whose bottom and top elements are denoted by 0 M and 1 M respectively. Actually we will use not the original definition of complete distributivity, see e.g [11, Definition I-2-8], but its characterization given by G.N. Raney [33] . Namely, given a complete lattice M and β, α ∈ M following [33] , see also [11, , we introduce the so called "wedge below" relation ▹ on M as follows:
As shown by G.N. Raney [33] a lattice M is completely distributive if and only if relation ▹ has the approximation property, that is
Moreover, relation ▹ has the following nice properties (see [11, 33] ) used in the sequel:
In the sequel, when dealing with lattice L and M we usually omit subscripts ≤ L , ≤ M , etc, when it will not make misunderstanding. [46] , [12] . Recall that an (L)-fuzzy subset of a set X, where L is a complete lattice, is a mapping A :
Fuzzy sets.
X → L. Given a family {A i | i ∈ I} its union ∨ i A i : X → L and intersection ∧ i A i : X → L are defined respectively by ( ∨ i A i ) (x) = sup i∈I A i (x), ( ∧ i A i ) (x) = inf i∈I A i (x).
L-relations, L-valued equalities and L-valued sets.
Given sets X, Y and a quantale L, by an L-relation between X and Y we call a mapping
When dealing with fuzzy subsets of L-valued sets, the property of extensionality plays an important role. This property was considered by many authors, see e.g. U. Höhle [16] , [17] and F. Klawon [23] :
The smallest extensional fuzzy set e(A) in (X, E) that is larger than or equal to A (i.e. A ≤ e(A)) is called the extensional hull of A. Explicitly the extensional hull of A can be defined as follows (see e.g. [16] , [17] , [23] ):
In particular, identifying an element x 0 with the characteristic function χ {x0} of the one-element set {x 0 }, we get the extensional hull of the point x 0 , sometimes called a fuzzy singleton:
3. LM -valued bornologies One can prefer to consider the following stronger version of the first axiom:
We call the mapping B : L X → M satisfying conditions (1 ′ LMB), (2LMB), (3LMB) and (4LMB) a strong LM -valued bornology on (X, E). Obviously, in case 1 M is an isolated element in M , the concepts of an LM -valued bornology and a strong LM -valued bornology are equivalent.
Lattice of LM -valued bornologies.
We introduce a partial order relation
and say in this case that B 1 is coarser than B 2 , and B 2 is finer than B 1 . We show that the partially ordered set
, we introduce the following notation. Let S ⊆ X and λ ∈ L. Then we define a fuzzy set S λ : X → L by setting:
Now by setting:
One can easily see that the mapping i∈I B i : L X → M thus obtained is an LM -valued bornology on (X, E). Indeed, the validity of properties (1LMB), (2LMB) and (4LMB) for i∈I B i : L X → M obviously follows from the corresponding properties of the LM -valued bornologies B i . We establish property (3LMB) as follows. Given A, B ∈ L X we have:
Besides, from the construction it is clear that i∈I B i is the lowest upper bound of the family
This already guarantees that the family B(L, M, X, E, ≼, ) of LMvalued bornologies is a complete join semi-lattice. Notice however, that the point-wise supremum
where 1 S is the characteristic function of S.
Decomposition of an L-valued bornology into a family of level bornologies.
Given an M -valued bornology B :
One can easily see that the family B α is an L-bornology (Subsection 1.2 ) on the set X. Further, taking into account that in a completely distributive lattice every element is the supremum of a family of wedge-below elements, one can easily notice that the family of α-levels {B α | α ∈ M } of an M -valued bornology is lower semi-continuous, in the sense that
In the special case when M = [0, 1] is the unit interval with the "less" ordering <, we have
Thus in case of a completely distributive lattice every M -valued bornology B can be characterized by its lower semi-continuous decomposition into level L-bornologies:
Construction of an M -valued bornology from a family of L-bornologies on an L-valued set.
As opposite to the previous subsection here we present a construction of an LM -valued bornology from an indexed family of L-bornologies. Let M=(M, ≤, ∧, ∨) be a complete completely distributive lattice, and let K be a subset of M , such that
From (K ▹ ) and complete distributivity of M it follows that K satisfies the ▹-interpolation property, that is
In particular, one can take K = M or K = CP(M ), where CP(M ) is the set of all co-primes of the lattice M . (Note that 0 M need not belong to the family K since 0 M is the supremum of the empty family.) Further, let a non-increasing family of L-bornologies on an L-valued set X such that be given:
Proof. Since every C α is an L-bornology, and hence ∨ C α = 1 L , the axiom (1LMB) for B is ensured by the construction and taking into account the properties of the set K.
To show the validity of axiom (
To verify axiom (3 ′ LMB) let A, B ∈ L X and assume that
Referring to the properties of the set K we can find α ∈ K such that ν ▹ α ▹ λ ∧ µ Then A ∈ C α and B ∈ C α , and hence A∨B ∈ C α . However this means that
B(A∨B) ≥ α. The obtained contradiction shows that B(A∨B) ≥ B(A)∧B(B).
Finally the validity of (4LMB) follows from the validity of the corresponding property for every C α .
where K ⊆ M , as before, is assumed to satisfy property (K ▹ ). Further, let the LM -valued bornologyB : L X → M be constructed from this family as above, that isB
and henceB = B.
Fuzzy functions
In order to define a category with LM -valued bornological spaces as objects we have to specify its morphisms. Since our general framework for LM -valued bornologies is formed by L-valued sets, we take so called fuzzy functions as morphisms for the category of LM -bornological spaces. The reason for this choice is that fuzzy functions are well coordinated with L-valued equalities and can be interpreted as mappings between L-valued sets. In case of ordinary sets, a fuzzy function between them in a natural way can be interpreted as an ordinary function. Therefore, before touching in Section 5 the categorical aspects of the theory of LM -valued bornological spaces, in the next section we give a brief introduction into the theory of fuzzy functions.
The concept of a fuzzy function was introduced in [8] and (independently) in [20] . Further fuzzy functions were studied and applied in research of different authors, see [40] , [9] , [31] , [32] , etc. Let L=(L, ≤, ∧, ∨, * ) be a fixed quantale and let
, giving preference to the one which is more convenient in the context. y, z) ). In [20] , see also [40] , it is shown that composition of two fuzzy functions is a fuzzy function.
One can easily see that E X : (X, E X ) → (X, E X ) is a fuzzy function and E X acts as identical morphism:
Thus we obtain:
40]). L-valued sets as objects and fuzzy functions as morphisms constitute a category denoted FSET(L).
In the sequel we will apply also the following properties of fuzzy functions: It is proved in [40] , see also [32] 
Hence, in particular, composition of sound functions is sound and composition of surjective fuzzy functions is surjective.
Let R : X × Y → L be a fuzzy function. Then referring to the generalization of the Zadeh's extension principle [48] , we come to the following definition: 
respectively, introduced and studied by S.E. Rodabaugh [34] .
Category FBORN(L, M ) of LM -valued bornological spaces
and bounded fuzzy functions
Bounded fuzzy functions of LM -valued bornological spaces.
Definition
Given two LM -valued bornological spaces (X, E X , B X ) and (Y, E Y , B Y ), we say that a fuzzy function
Explicitly the boundedness of a fuzzy function R :
One can easily prove the following Proposition
Composition of two bounded fuzzy functions is bounded.
Since the identical fuzzy function E X : (X, E X , B X ) → (X, E X , B X ) is bounded, we get Proposition
LM -valued bornological spaces and bounded fuzzy functions form a category which will be denoted FBORN(L, M ).
Since composition of sound fuzzy functions is sound, we can distinguish a useful subcategory FSBORN of the category FBORN whose objects are the same as in FBORN and whose morphisms are sound fuzzy functions.
When studying properties of categories of LM -bornologies the construction of LM -bornologies from so called LM -valued bornology bases will be useful.
under finite unions and under taking extensional hulls. Then a mapping C : L → M is called an LM -valued bornology base if
(1LMBB) ∀ α ∈ M • ∃U ⊆ L such that ∨ U = 1 L X and C(U ) ≥ α ∀U ∈ U; (
3LMBB) C(A ∨ B) = C(A) ∧ C(B) ∀A, B ∈ L; (4LMBB) C(e(A)) = C(A) ∀A ∈ L where e(A) is the extensional hull of A.
Proof. Axiom (1LMB) for B C follows directly from axiom (1LMBB) for C. We obtain axiom (3LMB) for B C from the property (3LMBB) as follows:
Axiom (2LMB) for B C follows from property (3LMBB) for C and already established (by (3LMB)) monotonicity of B C . Axiom (4LMB) for B C follows from property (4LMBB) for C and the assumptions on the L.
From the definition of
The proof of the following statement is straightforward:
where C : L → M is a base for LM -valued bornology B C . Then a fuzzy function
R : (X, E X , B C ) → (Y, E Y , B Y ) is bounded if and only if B Y (R → (A)) ≥ B X (A) for every A ∈ L.
Preimages of LM -valued bornologies.
Theorem 5.7. Let R : (X, E X ) → (Y, E Y , B Y ) be a sound fuzzy function and let L := {A = R ← (B) | B ∈ L Y }. Then C X = B Y •R → : L → M
is a base for an LM -valued bornology B X on (X, E X ). Besides B X is the coarsest LMvalued bornology for which the fuzzy function
R : (X, E X , B X ) → (Y, E Y , B Y ). is bounded. Proof. Note first that for every B ∈ L Y the preimage R ← (B) is ex- tensional. Indeed R ← (B)(x) * E(x, x ′ ) = ∨ y R(x, y) * E(x, x ′ ) * B(y) ≤ ∨ y R(x ′ , y) * B(y) = R ← B(x ′ ).
In order to verify axiom (1LMBB) for the mapping C
• and take a family
Besides the family U is an (extensional) cover of the set (X, E). Indeed, given a point x ∈ X we have:
the last equality is ensured by soundedness of the fuzzy function R.
To prove axiom (3LMBB) let
Then from the definition of C X and applying Proposition 4.8 we have
To show (4MLBB) recall that if A ∈ L, then A = e(A) (as the preimage of fuzzy set under a fuzzy function) and hence C X (A) = C X (e(A)).
To conclude the proof note that from the construction it is clear that B X is the coarsest LM -valued bornology on (X, E X ), for which R :
We call the LM -valued bornology B X constructed above the preimage of the LM -valued bornology B Y under fuzzy function R : 
Initial LM-valued bornologies induced by families of sound fuzzy functions.
Proof. Given a family of sound fuzzy functions
we define the LM -valued bornology on the set X by setting B X = i∈I B X i , where
Yi is the preimage of the LM -valued bornology B Yi by the fuzzy function R i and is the infimum in the lattice (B (X, E, L, M ), ≼, , ) , Referring to Section 3.2 we conclude that B X is an LM -valued bornology on the L-valued set (X, E X ); besides it is the coarsest one in the lattice
Applying terminology from the category theory we easily get the following statement from the previous theorem:
The existence of initial LM -valued bornologies implies also the following Corollary FSBORN(L, M ) ).
Products exist in the category
Images of LM -bornologies.
To verify axiom (1LMB) for B Y we fix α ∈ M • . Referring to axiom (1LMB) in case of the LM -valued bornology B X find a family of L-fuzzy sets
is surjective and sound and applying Proposition 4.8, we have
Since, by definition of B Y , for every V U ∈ V it holds B Y (V U ) = B X (U ) ≥ α, the validity of axiom (1LMB) for B Y is established. The validity of the property (2LMB) for B Y follows directly since B X has this property. To establish property (3LMB), we refer to Proposition 4.8 and are reasoning as follows:
The validity of the property (4LMB) for B Y follows straightforward from property (4LMB) for B X and the general statement established in Proposition 5.12 below.
Besides, from the construction it is easy to notice that B Y is the finest LM -valued bornology for which R is bounded, that is the final LM -valued bornology for the fuzzy function R : (X,
Proof. The proof follows from the next sequence of equalities:
be an arbitrary sound fuzzy function, and let the image R → (B X ) of the LM -valued bornology B X for it be defined in the same way as in Theorem 5.11. Analyzing the proof of this theorem we can notice that the surjectiveness of the fuzzy function R : (X, B X , E X ) → (Y, E Y ) was used only in the proof of the property (1LMB); the proofs of all other properties of R → (B X ) were obtained either for any fuzzy function R : (X, B X , E X ) → (Y, E Y ) or assuming only its soundedness. So, to get the initial LM -valued fuzzy bornology induced by a fuzzy function R : (X, B X , E X ) → (Y, E Y ) we have to "strengthen" in the "optimal" way R → (B X ) in order to achieve property (1LMB) and not spoiling other properties of R → (B X ). One can easily notice that this can be obtained by means of the finest LM -valued bornology B ⊤ Y on (Y, E Y ) and in the result get the following 
Final LM -valued bornologies induced by families of sound fuzzy functions.
Let now {R
Applying the terminology of the category theory we easily get the following FSBORN(L, M ) 6.1. Category FSBORN(L, 2) . Let M be the two-element lattice 2 = {0, 1} and let
Subcategories of the category
We refer to objects of FSBORN(L, 2) as L-fuzzy bornological spaces. In case axiom (1 L2) is replaced by a stronger axiom (1 ′ L2) {x} ∈ B for every x ∈ X we get the category FS s BORN(L, 2) of strong L-fuzzy bornological spaces Now, let BORN(L, 2) and BORN s (L, 2) be the subcategories of the category FSBORN(L, 2) and FS s BORN(L, 2) respectively, whose objects are L2-bornological spaces on (X, =), that is X is an ordinary set, and whose morphisms are fuzzy functions The categories BORN(L, 2) and BORN s (L, 2) thus obtained are actually the categories of L-bornological spaces and strong Lbornological spaces, see Subsection 1.2. Category FSBORN(2, M ) . Let L = 2 be the two-element lattice. Then 2 X is just the family of all subsets of a set X. Further, let X be considered with a crisp equality =. Then the 2M -valued bornology on X is a mapping B : 2 X → M such that 
6.2.
(1 2MB) B({x}) = 1 M for every x ∈ X; (2 2MB) A ⊆ B ⇒ B(B) ≤ B(A) ∀A, B ∈ B; (3 2MB) B(A ∩ B) ≥ B(A) ∧ B(B) ∀A, B ∈ B.
LM -valued modification of an L-bornology on a metric space
In this section, we develop a construction illustrating how new LM -valued bornologies can be constructed. Namely, we present a construction of an LMvalued bornology on a set X from an arbitrary L-bornology on a metric space (X, ρ). Among other, the proposed construction allows to get a deeper insight into a bornology using the tools of its fuzzification. The validity of conditions (1E) and (2E) follows directly from the definition of the mapping
To prove (3E) consider separately the cases of the two t-norms: * = ∧ Since in this case ρ is assumed to be an ultra pseudo-metric, we have ρ(x, y) ≤ max{ρ(x, z), ρ(z, y)} for all x, y, z. It is straightforward to conclude from here that
.
can be easily established taking into account the triangular property ρ(x, y) ≤ ρ(x, z) + ρ(z, y) of the metric ρ.
Having fixed x, y ∈ X and changing α ∈ M we may consider a function
The proof of the following proposition is clear from the definition of the family {E α : α ∈ M }:
Concerning the interrelation of the constructed L-valued equalities E
α for different α ∈ M we have the following
Proof. Property (4E) follows directly from the definition of E α ρ . To prove Property (5E) let α = ∨ n∈N α n . Without loss of generality we may assume that n ≤ n + 1 ⇒ α n ≤ α n+1 for every n ∈ N. Then, referring to Proposition 7.2 and (4E), we have
To prove Property (6E) let α = ∧ n∈N α n . Without loss of generality we may assume that n ≤ n + 1 ⇒ α n ≥ α n+1 for every n ∈ N. Then, referring to Proposition 7.2 and property (4E) we have
From the definition of E ρ it is clear that E 0M ρ (x, y) = 1 for every x, y ∈ X and
and hence the properties (7E) and (8E) hold.
Let an L-fuzzy set A ∈ L X and α ∈ M be given. Then by e α (A) we denote
) . In the result for each α ∈ M we obtain an operator
Concerning the properties of the family e α : L X → L , α ∈ M we have the following proposition:
Proof. The first property is ensured by the reflexivity of the relation
is clear from the definition of e α . Property (3e) follows from the established implication α ≤ β ⇒ E α (x, y) ≥ E β (x, y). We establish property (4e) as follows:
To show the converse inequality, assume that there exists β such that ∨
Then for each x ′ there exists n 0 such that
However knowing that the family of L-valued equalities is non-increasing and from the definition of the sequence α n we may assume that
The obtained contradiction completes the proof of the property (4e)
We establish property (5e) as follows:
Property (6e) follows from the fact that e α (A) is the extensional hull of A in the L-valued set (X, E).
Properties (7e) and (8e) follow from properties (7E) and (8E) of Proposition 7.2. 1+d(x,y) . It is known that metrics d and ρ induce the same topology on the set X, see, e.g. [10] . Note also that a set A is bounded in the original metric d if and only if diam ρ (A) < 1 in metric ρ.
LM -valued modification of an L-bornology on a set X by means of a metric
, X be a set and ρ : X × X → R + be a metric. Referring to Remark 7.5, without loss of generality we may assume that ρ takes its values in the interval
X be the L-valued equality and the operator of extensional hull defined as above. Given an L-bornology 3 B ⊆ L X on a set X and applying notations introduced above we define two families of L-fuzzy subsets of X by setting Proof. Indeed, the validity of axiom (1L2B) for B α is obvious from the properties (1LB) of the original L-bornology B. To show axiom (3L2B) for B α it is sufficient to notice that from the properties of the hull operator
Finally, recalling the property (6e) of the operator e α it holds e α (A) = A for all A ∈ B α and hence (4L2B) holds for B α . Thus B α is an L-fuzzy bornology base. From here and taking into account that the validity of the axiom (2L2B) forB α is clear from its definition, we can conclude thatB α indeed satisfies the axioms of an L-fuzzy bornology on the L-valued set (X, E α ). To verify (3LMB) assume that P, Q ∈ L X and B(P ) ∧ B(Q) ≥ α. Then for every β < α we have P ∈B β , Q ∈B β and hence P ∧ Q ∈ B β . Since this holds for every β < α we conclude that B(P ∧ Q) ≥ α and hence B(P ∧ Q) ≥ B(P ) ∧ B(Q). Unfortunately, we could not establish this property of the constructed LMvalued bornology B.
Conclusion
We have introduced the concept of an LM -valued bornology, that is an M -valued bornology on the L-powerset L X of an L-valued set (X, E). We consider this concept to be an appropriate framework for the study of bornological-type structures in the context of many-valued, in particular fuzzy, mathematical structures. The research of LM -bornological spaces and the appropriately defined category of such spaces as objects and bounded fuzzy functions is initiated. A scheme that allows to construct LM -valued bornologies, in particular LM -bornologies with prescribed properties is presented. This scheme is based on the use of a continuous family of many-valued equalities on the metric space X.
As the main directions where the further research should be carried out we view the following.
To conduct a deeper research of the intrinsic properties of the categories FBORN(L, M ), FSBORN(L, M ) and its important subcategories as well as to study the relations of these categories with some other "related" categories, in particular, with categories of fuzzy topology.
To find other substantial examples of LM -valued bornological spaces. The main example of LM -valued bornologies considered in this paper is based on the use of metrics. We assume it to be interesting and useful to consider other types of LM -valued bornologies, in particular many-valued versions of the bornology of relatively compact sets in a topological space and of the bornology of totally bounded subsets of a uniform space.
Taking into account functional analysis as the main source of the concept of bornology, we assume it to be important to consider LM -valued bornologies on topological linear spaces or on topological algebras, either fuzzy or crisp.
